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Abstract 

We apply canonical Poisson-Lie T-duality transformations to bosonic 
open string worldsheet boundary conditions, showing that the form of 
these conditions is invariant at the classical level, and therefore they are 
compatible with Poisson-Lie T-duality. In particular the conditions for 
conformal invariance are automatically preserved, rendering also the dual 
model conformal. The boundary conditions are defined in terms of a glu- 
ing matrix which encodes the properties of D-branes, and we derive the 
duality map for this matrix. We demonstrate explicitly the implications 
of this map for D-branes in two non-Abelian Drinfel'd doubles. 
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1 Introduction 



T-duality in string theory may be realised as a transformation acting on the two- 
dimensional nonlinear sigma model [HISIEIIIIEIEIEIEIE]- This model describes 
the worldsheet theory of a string propagating on some target manifold Ai equipped 
with a riemannian metric Qf^^, an antisymmetric B- field B^^u and a torsion H = dB. 
Originally the condition for this realisation to be possible was that M. have some 
isometry group G (i.e., a group action G onM. under which the target space metric is 
invariant) which leaves the sigma model invariant. The dual model is then obtained 
by gauging the isometry to obtain a first-order parent action and integrating out 
gauge fields. The requirement that the background be isometric is a rather severe 
restriction, making it a challenging problem to prove T-duality for models where no 
isometry exists. Moreover, for non-Abelian isometry groups, the application of this 
technique is not symmetric in the sense that one does not necessarily recover the 
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original theory by repeating the procedure [U [TOl [TT] . 

Khmcik and Severa [12] proposed a generahsation of T-duahty to what has come 
to be known as Poisson-Lie T-duahty, which allows the duality to be performed on 
a target space without isometries. Instead the background satisfies the Poisson-Lie 
condition, which is a restriction on the Lie derivative C^'^E^y of the background 
tensor E^j^y = g^y + B^y with respect to G- invariant vector fields on A^, replacing 
the isometry condition C^aE^y = 0. The Poisson-Lie condition is necessary for the 
existence of a well-defined dual worldsheet if the two dual target spaces are both 
Poisson-Lie group manifolds whose Lie algebras constitute a Drinfel'd double. 

A Poisson-Lie group is a Lie group with a Poisson structure that is compatible 
with the group operation. Every Poisson-Lie group is stratified into symplectic leaves 
with symplectic forms induced by the natural Poisson bracket on the group [131 HH 
[T5] . A Drinfel'd double [ISl [IZ] is a Lie algebra V which decomposes into the direct 
sum, as vector spaces, of two maximally isotropic Lie subalgebras Q and Q, each 
corresponding to a Poisson-Lie group (G and G), such that the subalgebras are duals 
of each other in the usual sense, i.e., G = Q*. There is a complete classification of 
all real four- and six-dimensional Drinfel'd doubles [IHl EHl ED] , but not of the eight- 
dimensional ones. If the target manifold D/G = G and its dual G\D = G define 
a Drinfel'd double, then the Poisson-Lie condition translates into a flat-curvature 
condition, schematically dJ + J A J = 0, on the Noether current J generating the 
left-action of G on itself in the sigma model. This is the condition for the worldsheet 
to be horizontally liftable into D and hence to have a well-defined dual in G. The 
lift defines a dressing action of G on G and the ends of the open string on the dual 
target turn out to be confined to the orbits of the dressing action, which coincide 
with symplectic leaves [21]. For example, in the special case of a WZW model they 
are (twisted) conjugacy classes [22l [23] . 

When performing traditional T-duality in the presence of an isometry, one finds 
equations of motion for the fields in the parent action, which constitute a map from 
the fields in the original model to those of the dual one. These are the canonical 
transformations, which if known can be applied directly to the fields in the model, 
without going to the trouble of gauging etc. In particular, they can be used to 
find the duals of the worldsheet boundary conditions for the open string. Such 
transformations exist also for Poisson-Lie T-duality [23], and they can be obtained 
as field equations of a parent action on the double as shown in [25l[26]. In this paper 
we apply the Poisson-Lie canonical transformations to the boundary conditions in 
order to find their Poisson-Lie T-duals. 

The structure of the paper is as follows. In section [2] we review the open 
string worldsheet boundary conditions of the nonlinear sigma model as derived in 
[271 [251 [25] . These conditions are required for worldsheet J\f=l superconformal 
symmetry, but they were shown in [30] to be necessary also for bosonic Abelian 
T-duality. Our analysis includes the full set of conditions even though the model 
is bosonic, partly with a view to future study of the supersymmetric theory, and 
partly because Abelian T-duality arises as a special case. We furthermore sum- 
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marise those aspects of Poisson-Lie T-duality relevant to our analysis, in particular 
recalling the (canonical) transformations as given by Klimcfk and Severa [12j and 
by Sfetsos [211 EI] • In section [3] we apply these transformations to the worldsheet 
boundary conditions, deriving the duality map of the gluing matrix R which defines 
the relation between left- and right-movers on the worldsheet boundary. We show 
that the form of the boundary conditions is invariant under this map, and in partic- 
ular that conformal invariance is satisfied also on the dual side. In section H] we work 
out several examples explicitly: f/(l)" Abelian T-duality; the semi-Abelian double 
(i.e., traditional non- Abelian T-duality); a simple non- Abelian double, namely the 
Borel algebra T) = gl{2,'R)] and the three-dimensional double of Sfetsos [32]. We 
conclude in section [5] with a summary and outlook. 

2 Preliminaries 

2.1 Worldsheet boundary conditions 

Consider the bosonic nonlinear sigma model describing open strings propagating on 
a Poisson-Lie group manifold G with a general background tensor E^^^, = g^y + B^y 
(where g^v is a metric on G and B^^ an antisymmetric B-field): 



Here d^X^ denote derivatives, with respect to the worldsheet coordinates of 
target space coordinates X'^. In general the target space is locally a product G x M.q^ 
where the fields depending only on elements of A^o and not taking part in the 
duality transformation are called spectators. Here we ignore spectator fields, but 
the inclusion of them in the analysis is straightforward. 

The worldsheet boundary is by definition confined to a D-brane. Its proper- 
ties are encoded in the relation on the boundary between left- and right-moving 
worldsheet fields, which may be expressed as 



for some gluing matrix R^^^, satisfying a set of conditions which we now discuss. 
In the M=l supersymmetric model the corresponding conditions state that, for 
the model to be consistent and for superconformal symmetry to be preserved on 
the boundary, the brane must be a well-defined smooth submanifold of the target 
manifold supporting a two-form defined by the B-field [271 EB] • The properties of the 
two-form determine whether the brane is Lagrangian, symplectic, or a more general 
type of submanifold. Although the conditions for consistency of the bosonic model 
are less stringent in general, it turns out that one can gauge an Abelian isometry in 
the bosonic model only if (the bosonic versions of) the M=l conditions are satisfied 
along the directions of the isometry [SU]. With this in mind, and to allow a future 




(2.1) 



V 



(2.2) 
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straightforward extension to the supersymmetric model, we take into account all the 
boundary conditions derived in [271 EB]- They read as follows. 

First, conformal symmetry requires R^^ to preserve the metric, 

R'^gp.R^ = g^u . (2.3) 

Next, vectors normal to the brane, which we refer to as Dirichlet vectors, are eigen- 
vectors of R^j^ with eigenvalue —1. In terms of the Dirichlet projector Q^^, which 
projects vectors onto the space normal to the brane, we have 

R%Q'. = Q^R'u = -Q'u ■ (2.4) 

Correspondingly, the Neumann condition reads 

N^^E^^.N^ - N^^E^,N\R\ = , (2.5) 

where N'^^^ = — is the Neumann projector, projecting vectors onto the tangent 
space of the brane. This condition tells us that for spacefilling D-branes (i.e., when 
the Neumann projector is the identity), the gluing matrix is given by i? = E~^E'^. 
In addition one finds that the metric diagonalises with respect to the D-brane, 

iV%.Q". = 0, (2.6) 

and that, at least in the presence of an Abelian isometry, the Neumann projector is 
integrable along the isometry direction, 

N'^^N^,N\^^^^ = . (2.7) 

The latter condition is essentially the statement that the D-brane is a well-defined 
submanifold of the target space [33], and in this paper we shall assume that it holds 
on G. 



2.2 Poisson-Lie T-duality 

We now put the sigma model in the framework necessary for finding its Poisson-Lie 
T-dual, explaining how the duality acts on the background field E^iy. The action 
(12.11) may be rewritten in terms of group elements g E G: 

S = jdPi Ll{g)Li{g)Eat{g) , 

where a, b are Lie algebra indices, L"- = L{gY^d ^X^^ = {g^^d^gY is the left-invariant 
vector field, and 

EM^{L{9r'YaEA9mgr')l- 
We choose a basis {Ta,T"} of V such that Q = span{Ta} and Q = span{T"}, 
satisfying the following orthogonality conditionsjf] 

{Ta , = 6l , {Ta , Tfe) = (T-^ , f") = . (2.8) 

•^The vanishing brackets in (|2.8p imply that Q and Q are maximally isotropic in T>. 
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Here ( ■ , ■ ) is the non-degenerate bilinear form on P invariant under the adjoint 
action of 

{Adi V, Adi w) = {v,w) , v,w E V , I E D , 

where Adi v = Ivl^^. The adjoint map corresponds to the left-action of D on itself 
in the adjoint representation, since 

Adk Adi V = klvr^k'^ = Adu v , kJeD. 

We may write the adjoint representation in terms of the matrices a, b, d defined as 
the coefficients in the expansion 

g-'T,g ^ a{g)J'n , g-'f^g ^ bigY'T, + digY.f" . (2.9) 
2.2.1 Canonical transformations 

Klimci'k and Severa showed [M] how the general background field E{g) can be 
found by translating a general (^-independent reference field E{e) from the identity 
e G G to the point (7 G G, by left- or right-action of G on itself. If we use left- 
translation the result is 

H9rXE,AgMg)-X = {Hg)-' + Eie)bigf]-')yUeMgrr,, 

where [^((7)"^]^^ is the inverse of the right-invariant vector field r{gY^, and the su- 
perscript T denotes transpose. Alternatively, this may be expressed in terms of the 
natural Poisson bracket T{{g) on G [35j, 

W\g) ^ {g-'rg,f'^){g-'T,g,f') = b{gra{g)^\ 

as follows (note that {d~^Y^ = a^" = (r~^)|^LJ^, where we simplify notation by 
dropping the explicit (7-dependence), 

Eatig) = {L-'YaEAg){L-'Y = {<^-\\r-'rcEAg){r''YAa^\' 

= [[E{e)-' + Yi{g)]-^)^^. (2.10) 

Similarly, the dual background E can be transported from e G G to any point g E G 
by left-action of G on itself. Defining the matrices a, 6, d as 

r'f^g ^ HgYbT' , r'Tag ^ b{g)abf' + d{~g),'n , 

the dual background is found to be 

E'^\g) = {[E{e)-' + fi{g)]-'Y\ (2.11) 

where E'^^ig) = {L-\E^"'{g){L-^Yv^ E{e) = E{e)-^ (this follows from orthogonal- 
ity, with respect to the bilinear form ( ■ , ■ ) , of the graphs produced by the left-action 
of G and G respectively [121 El]), and 

n,,(^) ^ {g-'T,g,Ta){g-'f'^g,n) =b{gYad{gYb 
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is the natural Poisson bracket on G. The backgrounds E{g) and E[g) are thus 
related via -E(e), and this relation is determined by the transformation (12.1 11) . 

Also the worldsheet fields can be dualised directly, by applying a canonical 
transformation. This transformation was found by Sfetsos [24J and is given by 

LI = (5,"-n'^^n,,)p^-n"^(Z<,)6, (2.12) 

Pa = IlabP'+{L„)a, (2.13) 

where the canonical variables are defined as 

K = 1{LI-Lt), (2.14) 

Pa ^ L^aP, = ^aj^^^ = \ {EtaLl + Ea^Lt) . (2.15) 

Sfetsos showed in [3Tj that the transformations (12.121) and (I2.13P are locally well- 
defined and that they preserve the form of the Hamiltonian as well as the canonical 
Poisson brackets for the conjugate pair of variables (L", Pa). 



2.2.2 Poisson-Lie condition 

The backgrounds f l2.10p and (12. lip are solutions of the Poisson-Lie condition., a 
necessary condition for two models to be Poisson-Lie T-dual. It is equivalent to the 
condition that the worldsheet is horizontally liftable to the double. For a connected 
Poisson-Lie group G and its dual Poisson-Lie group G, there are homomorphisms 
of Lie groups G ^ D and G ^ D, and one can define a product map G x G ^ D 
which is a diffeomorphism onto a neighbourhood of the identity in D [15]. If G is 
compact and the image of G in D is closed, then this map is a diffeomorphism of 
G X G onto D. An element g & G can thus be lifted to the double by multiplying 
it with an element h & G. This lift can be factorised in two ways: 

l = gh = gh, (2.16) 

for some elements g & G and h ^ G. Eq. (12.161) defines the dressing action of G on 
G, whose orbits in G coincide with the symplectic leaves in the stratification of G 
[a [15]. 

Two extremal worldsheets S > G and E > G are Poisson-Lie T-dual if and only 
if they can be horizontally lifted to a surface J^d "—>■ D. The condition for horizontal 
liftability is that the currents J{g) and J{g) associated with the left-translation of, 
respectively, S in G and S in G, are fiat connection one-forms. That is, they must 
satisfy the zero-curvature conditions (here and ^'^ are the structure constants 
of Q and Q, respectively) 

dJa -\- 2fa Jb Jc , ^_ ^ „n 

d> + inJ' A > = , ^ ■ ^ 
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the solutions of which may be written as 

J(g) = -dh h-^ , J{g) = -dh h'^ , (2.18) 

where h and h are the auxihary elements used in the lift (12.161) . By lifting the 
worldsheet boundaries of the free open string into the double in this way Klimcfk 
and Severa [21] showed that the dual D-branes in G coincide with the symplectic 
leaves defined by the associated dressing action. One can show that eqs. (I2.17P are 
equivalent to the conditions (see appendix Rl) 

C-E^'ig) = -E^Pmr~Xf''bcir-'):E'"'{9). 

These are the Poisson-Lie conditions; they are manifestly symmetric under inter- 
change of G and G. They can alternatively be obtained as the equations of motion 
of a first order action defined on the double [251 126] , from which the sigma models on 
G and G may be derived by inserting the two factorisations (I2.16P and integrating 
out h or h, respectively. 



Lt = R\L\, (3.1) 



3 Boundary conditions 

We now apply the canonical transformations to the worldsheet boundary conditions, 
to find their Poisson-Lie T-dual counterparts. In the Lie algebra frame the boundary 
conditions ([22])-(l22D read 

R'^adcdR'^b = 9ab , (3.2) 

R'^cQ'^b = Q^'cR'^b = -Q^b 5 (3-3) 

N^^E.^N'', - N\E,,N\R\ = , (3.4) 

N'a9cdQ\ = 0, (3.5) 

N''aN%N%^^^ = , (3.6) 

where = L'^^R^i,{L~^)l and similarly for A^"^ and (5%. To find the dual conditions, 
we use eqs. f l2.10p . (12. lip . (12.140 and (I2.15P to rewrite the canonical transformations 
(I2.12p . (12.130 as acting on . If we suppress indices, the resulting map is 

= {E^r\E^rE^L^, (3.7) 
L= = ~E-^Eq^EL=. (3.8) 

Note that the transformation from to is the Lie algebra map Q ^ Q cor- 
responding to the map G ^ G induced by the dressing action fl2.16p of G on G. 
Under (13. 7p . (13. 8p the boundary condition (13.10 transforms to 



(Z=)„ = Rj>{L 



-H-)b , 
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where = Li^R^''{L~^)l and 

R = -E-^E^^ER{E^)-^E'^E^ . (3.9) 

This is the transformation of the gluing matrix which defines how Poisson-Lie T- 
duahty acts on the sigma model boundary conditions. 

The dual of the conformality condition (13. 2p is found to be 

3 a~cd 3 f) ~ab 

9 — 9 , 

where the transformation of the metric, 

g = EEoE~'g{E^)-'E^E^ , (3.10) 

follows from ( ]2.10p and ( 12. lip . Hence conformal symmetry is automatically satisfied 
on the dual side. Furthermore, the transformation law (13. 9p for the gluirig matrix 
determines also the form of the dual Neumann and Dirichlet projectors N and Q, 
via the defining relation RQ = QR = —Q. One may thus consistently impose the 
dual versions of conditions (I3.4p - (l3.6p to obtain a well-defined open string theory on 
the dual target manifold. 

The duality transformations (13.70 . (13. Sp . (13. 9p and (I3.10p may be interpreted as 
a generalisation of the Abelian T-duality discussion in [30l [36] if we define 

^ {E^)-\E^)-'E^ , Q_ ^ -E-'E^'E . 

Then we have 

i.e., precisely the relations listed in [30j for the Abelian case, but written in the Lie 
algebra frame. 

Before proceeding to discuss specific examples, we highlight some general features 
of the gluing matrix R and its dual R. First note that det(-R) = det(— i?), a result 
that will be useful in the case-by-case analysis in the next section. Next we see that, 
in coordinates adapted to the D-brane, R takes the form 



R 








where E'at is the nonzero Neumann- Neumann block in the matrix N'^EN. If the 
B- field restricts to zero on the brane (i.e., Bab has no Neumann-Neumann part), so 
that E'at is symmetric, then the gluing matrix is simply 

R = 

In this case it can be used to define the Neumann and Dirichlet projectors via 
N = {1 + R)/2 and Q = {1 - R)/2, since i?^ = j [27]. In general, however, this is 
not the case, and we have R^ ^ 1. 
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4 Examples 



There are three types of Drinfel'd double, depending on whether or not the two 
constituent Poisson-Lie groups G and G are Abehan. Here we consider each type 
in turn, analysing the consequences of the duahty transformation (13.91) for specific 
examples. 



4.1 Abelian double 

Take the Drinfel'd double oi D = [/(!)"■ x [/(l)"", where Poisson-Lie T-duality is 
expected to reduce to traditional Abelian T-duality. The Poisson bracket vanishes, 
and the Poisson-Lie condition is just the isometry condition Cr^^E^u = 0. We have 
E = Eq = Eq^ = E~^, so E and E are both independent of the group elements. 
From eqs. (13.31) and (13. 4p we see that R is constant and in adapted coordinates takes 
the form 



R 



-I 



where En is the nonzero Neumann-Neumann block in the matrix N'^EqN. The 
transformation (13.91) yields 

R = -EoRiE^)-'. (4.1) 

When R is completely Neumann, i.e., when we have a spacefilling D-brane, eq. (13. 4p 
yields R = Eq^E^ so that dH]) reduces to ^ = -I. That is, a spacefilling D-brane 
is T-dual to a pointlike D-brane. For the model with G = U{1) isometry, this is 
just the statement that dualisation along the isometry direction transforms it from 
a Neumann to a Dirichlet direction for the brane. In this case the transformations 
(13.71) . (13.81) reduce to the familiar maps for the isometry direction (in tangent 
space) , 

= E^d^X"^ , a=X° = -Eod^X'^ . 

Similarly if the model has G = f/(l)" isometry, the duality map corresponds to 
simultaneous dualisation of a spacefilling brane along all n directions. 



4.2 Semi- Abelian double 

The semi-Abelian double corresponds to the standard non-Abelian T-duality be- 
tween a G-isometric sigma model with target G and a non-isometric sigma model 
with the target Q viewed as the Abelian group. Consider the double oi D = 
(jixf/(l)" (semi-direct product), where G is a non-Abelian group. An example 
is the six- dimensional group D = IS0{3) = 5*0(3) ixf/(l)^. When R is completely 
Neumann, then eq. (13. 4p yields R = E~^E^ and the duality map (13. 9p reduces to 

R = — E ^ Eq ^ Eq E'^ = — E ^ RqE^ , 
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where we have defined Rq = Eq ^Eq. We moreover have E = Eq^ p], hence 
i? = — I, so again a spacefilhng brane on G is dual to a pointhke brane on the dual 
manifold. 



4.3 Non-Abelian double 
4.3.1 Two-dimensional example 

We now turn to a detailed study of the simplest non-Abelian double, namely the 
Borelian double gl{2,Ii). This is much too simple a model to be physically inter- 
esting, but it serves as a tractable toy model to illustrate the main features of the 
duality transformation. The dual sigma models on this double have been explicitly 
worked out in [IHlSl]; here we analyse their worldsheet boundary conditions. 

We choose the decomposition of the bialgebra as gl{2,Ii) = with basis 

{Ta} for Q and basis {T"} for Q, defined as 

^1 = ( ) ' ^2 = ( ) ' 

The generators Ta span the Borelian subalgebra of upper triangular matrices and 
span the Borelian subalgebra of lower triangular matrices. Using the parameter- 
isation 

«-io ij 

of group elements g E G, the adjoint representation matrices defined in (12. 9p read 
^(9) = ( J ) , b{g) = I -^l-l ) , d{g) = }^ °, ) . 

If we define the value of the background field Eab at the identity to be the constant 
matrix 

- ( ^ y\ 

^0 ~[u V ) ' 

then eq. fl2A0|) yieldfl 

E{g) = [{xv - uy) + Oe-^iOe-^ + y - u)]-' ( _^ ^ " ] , 



''Note that the expHcit expressions for E{g) and Eijf) differ from those of |TH1[31], because they 
use right-translation on G, G while we use left-translation, and also we have used slightly different 
definitions of the fields. 
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where the notation is En = E^^ etc. Parameterising the dual group element g E G 

as 

the corresponding adjoint representations read 

*)^(;;). 

and the dual background follows from eq. (12.111) (where E^^ = E'^" etc.), 

E{g) = [1 + p'^e-'^''{xv -yu) + pe-^'iu-y)]'^ X 

( X y — pe^'^{xv — yu) \ 

\ u + pe~'^ {xv — yu) v j 

Inserting £'0, E{g) and E{ci) into eq. (13.91) . one finds the dual gluing matrix R for 
any given original gluing matrix R. There are three different possibilities: 

Case 1: 

' -I \ 



R 



-1 



This is a D(-l)-brane, with Dirichlet directions in both coordinate directions on G. 
Then eq. (13. 9p yields 

where 

A = XV — uy + 6e^^{9e~^ + y — u), B = 1 + pe^'^{u — y) + p^e~'^'^{xv — uy) , 
and 

R^^ = [{yj^ee~^){l + upe-'')-xvpe-''Y -xv(l + pe-^Oe-^f 

= v{l + pe'''ee-'^)[{y + ee-^){l + upe~'') + {-u + 9e-^){l-ype-'') 
—2xvpe~'^] 

^21 = -x{l + pe-''ee-^)[{y + ee-^){l + upe''') + {-u + ee-^){l-ype-'') 
—2xvpe^'^] 

^22 = [{-u + ee-^^il-ype-") -xvpe-^Y -xv{l + pe-^ee-^f 

R is a. nontrivial matrix in general. Its determinant is det R = det(— i?) = 1, so the 
dual brane has either zero or two Dirichlet directions. If the latter, then the only 
solution is -R = —I, which happens only for backgrounds E{g) and E{g) such that 
E{E^)~'^ = ~Eq^E{E'^)~^Eq . If the dual brane has zero Dirichlet directions, then 
it is a Dl-brane, whose embedding in G is given by R. This situation occurs only if 
the Poisson bracket 11 on G vanished, since in this case the relation (13. 9p reduces to 



^We are grateful to Libor Snobl for this observation. In dimensions higher than two, the 
condition is det 11 = 0. 
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Eq^E{E^)-^E^ = I, implying U{Eo + E^) = 0, and hence (since Eq + E^ = would 
imply a vanishing metric) we find 11 = 0. We conclude that the D(-l)-brane is dual 
either to a Dl-brane (provided 11 = 0), or possibly, for some special backgrounds, a 
D(-l)-brane. 

Case 2: 

n^{l_l) (4,2) 

This is a DO-brane, with one Dirichlet direction and one Neumann direction. The 
dual gluing matrix again follows from eq. (13.91) : 

R = 

where 

R^^ = [(y + 0e~x){l + upe-'')-xvpe-''Y + xv{l + pe-'^Oe-^f 

= v{u + y){l + pe-^ee-^f 
^21 = ~x{u + y){l + pe-^ee-^f 

^22 = -{[{-u + ee-^){l-ype-'') -xvpe-''f + xv{l + pe-^ee-^f} 

The determinant is det R = —1, so -R has one +1 eigenvalue and one —1 eigenvalue. 
This means R can be diagonalised to take the form (14. 2p . Hence the dual D-brane 
also has one Dirichlet direction and one Neumann direction, so the dual of the DO- 
brane is a DO-brane. The original DO-brane lies along one of the coordinate directions 
in the original manifold whereas the dual DO-brane is nontrivially embedded in the 
dual manifold, and the embedding can be found explicitly by diagonalising R. As a 
special case, note that if Eq = I, then R = diag(— 1, 1), i.e., Neumann and Dirichlet 
directions are just swapped relative to the original brane. 



Case 3: 



R 




For generic eigenvalues, this is a Dl-brane (i.e., spacefilling), which according to 
eq. (13.41) is given by 



R = E-^E^ 




{y + ee~^f -x{u -y- 266-^) 
- y - 266-^) XV -{u- Oe-^f 



The dual matrix becomes 

(1 + upe^^Y - xvp^e'"^" fpe~'^(2 + {u - y)pe' 



R 



-xpe'''{2 + {u- y)pe'") (1 - ype'^Y - xvp^e^"^" 



The determinant is deti? = 1, so the dual brane has either zero or two Dirichlet 
directions. If it has two Dirichlet directions, then we obtain exactly the reverse 
situation of Case 1: the Dl-brane is dual to a D(-l)-brane provided the Poisson 



13 



bracket 11 on G vanishes, and we have i? = — I. If on the other hand the dual 
brane has zero Dirichlet directions, then it is a Dl-brane, and since it is spacefiUing 
it should satisfy the dual version of eq. (13 ■41) . R = E~^E'^. It turns out, however, 
that this situation is disallowed by eq. (13. 9p . because it would require Eq + Eq = 
and hence a vanishing metric. We conclude that Dl-branes are dual to D(-l)-branes 
provided 11 = 0, but that Dl-branes are never dual to Dl-branes. 

The Borelian example nicely illustrates the symmetric nature of Poisson-Lie T- 
duality. The transformation law (13.91) for the gluing matrix is completely reversible, 
on the one hand interchanging D(-l)- and Dl-branes independently of which of the 
two types of brane one starts with, and on the other hand taking D(-l)-branes to D(- 
l)-branes and DO-branes to DO-branes. It is moreover manifestly symmetric under 
interchange of the two groups G and G corresponding to the Drinfel'd double. 



4.3.2 Three-dimensional example 

We also work out an example where the target spaces are three-dimensional, namely 
the double studied by Sfetsos in [32]. The algebras in this double are Q = su{2) and 
Q = 63, whose generators and T"^, respectively, satisfy the commutation relations 

(a, 6 =(2, 3), 2 = 1,2) 

[Ta, n] = teabcTc , [f 3, T] = f , [f\ f^] = , 

[T„ fi] = ie.,,f^ - 5,,T3 , [T3, T] = ie,,f^ , [f\ T,] = ie,,f^ - T, . 

Adopting the notation and assumptions of Sfetsos, we define the constant back- 
ground at the identity as Eq^ = diag(Ai, A2, A3) with A2 = Ai, and the Poisson 
brackets obtained from 11 = b'^a, U = iFa (for explicit expressions for matrices a, h 
etc, see ref. [32j) may be written in terms of the components A^, Aa of three- vectors 

A.^ A. as 

= ~^abc^c 1 ^ab = ~^abc^c i 

where, in terms of local coordinates (■?/', 6, 0) on Q and (yi, 1/2, x) Gi 

A = (cos ip sin 6, sin ip sin 6, cos ^ — 1) , 

A = {yie^^, y2e~^, sinh x e"^ - ^{yf + yl)e~^^) . 
Then the background fields E, E read 



E. 



1 
V 



( XiX^ + Al X3A3 + A1A2 -X1A2 + A1A. 
-A3A3 + A1A2 A1A3 + Al XiAi + A2A, 



3 



V X1A2 + A1A3 -XiAi + A3A2 XI + A^ 



I Ai(l^+ A1A3A2) XjiA^ + X3A1A2) AiA3(-A2 + AiAiAg) \ 
E'"' = ^\ Xli-As + A3A1A2) Ai(l + XiXsAl) AiA3(Ai + A1A2A 



V 



3 

AiA3(A2 + A1A1A3) AiA3(-A + A1A2A3) X^il + XIAI) / 
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where 



V = A?A3 + XiAl + X^Al + XsAl 



V = l + \,X,Al + \^\3Al + XlAl 



In a three-dimensional manifold we can have four different types of D-brane: 
D(-l), DO, Dl, and D2. We compute the dual gluing matrix for each of these cases. 

Case 1: R = —I, a D(-l)-brane. Then eq. fl3.9p yields the dual gluing matrix 



X {6de[l - 2XIX3/V] - 2Xe[edefXfAf + AdAe]/V) (deb - eebgXbAg + AeAfeAfAg/Ae) • 



It has determinant deti? = det{—R) = 1, so it can have zero or two Dirichlet 
directions, i.e., it is either a D2-brane (spacefilling) or a DO-brane. Note that, 
while in two dimensions the condition for a D(-l)-brane to be dual to a spacefilling 
brane is that 11 = 0, the corresponding condition in higher dimensions is the less 
restrictive det 11 = 0. Since in three dimensions this is always true, there is a priori 
no obstruction for the D(-l)-brane to be dual to a D2-brane. 

Case 2: R = diag(l, —1, —1), a DO-brane. The dual gluing matrix reads 



+iSd26e2 - Sd35e3)2AiA2As/V - 2(1 - 5rfi)(l - 6ei)edefiAl + KXf)Af/V 
+25di{l - 5ei)Ai{eiefAiAf - XM/V] (^b - e^ugX^Ag + A^AA^Ag/Ae) . 



is determined bfl Rn = {N'^EN)-\N'^E'^N), with the Neumann projector = 
diag(l, 1,0). The dual gluing matrix reads 



iR)a = T.cAeJ,g {^ad ' tadcXdA,) [(1 - ^,3) {(1 " ^es) X 

X [5de{l + 2(1 - 25,0^1^2^3/^) + 2edefAlAf/V] - 25,3X3A3Ad/V} - 5,3^^3] x 



The determinant is —1, so it is a D(-l)-brane or a Dl-brane. As in Case 1, note 
that since det 11 = 0, the D2-brane can be dual to a D(-l)-brane. 

^The inverse here is understood to be taken on the Neumann subspace. 






Its determinant is 1, so we have a DO-brane or a D2-brane. 
Case 4^ R = E~^E^, a D2-brane. The dual gluing matrix reads 



{R)J> = 6ab - 2{6ab - Ec eabcXbA, + AaAbXlX3/Xa)/V . 
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To summarise Poisson-Lie T-duality in this three-dimensional example, the D- 
branes in the model are exchanged as follows: 



D{-1) 



^ DO 
^ Dl 
^ D2 



DO 
Dl 
D2 



^ D{-1) 



We see that all branes are linked together in a duality chain, where each step changes 
the brane dimension by one, except in the duality D(-l) ^ D2. 

The above analysis is somewhat superficial, considering only the value of the 
determinant of the gluing matrix. To obtain more detailed information about the 
dual D-branes, one should study the eigenvalues of each gluing matrix as well as its 
explicit form in terms of local coordinates. In particular, the condition that E 
satisfy eq. (13.91) may for some of the D-brane exchanges impose restrictions on the 
variables used in the parameterisation. 

5 Conclusions 

By applying the Poisson-Lie T-duality canonical transformations found by Sfetsos 
[21] to the worldsheet boundary conditions of the bosonic nonlinear sigma model, we 
have derived the explicit duality map, eq. (13.91) . for the gluing matrix which locally 
defines the properties of the D-brane. The gluing matrix relates left- and right- 
moving fields on the worldsheet, and the boundary conditions of the open string 
sigma model are expressed in terms of it. Its eigenvalues determine the dimension- 
ality of the brane, and its form the embedding of the brane in the target space, at 
least locally. The sigma model and its dual are defined on Poisson-Lie group man- 
ifolds that make up a Drinfel'd double, in line with the formalism of Klimci'k and 
Severa [12]. We have demonstrated how the boundary conditions transform under 
Poisson-Lie T-duality, and in particular that the model dual to a conformal model 
is itself automatically conformal. In the process we had to rewrite the canonical 
transformations of Sfetsos as a map acting on the relevant worldsheet fields in the 
Lie algebra frame. It can be written as a direct generalisation of the traditional 
Abelian T-duality map. We moreover explicitly worked out the duality transfor- 
mation for the simplest non-Abelian Drinfel'd double, (7/(2, R), showing how the 
gluing matrix, and hence the D-brane, transforms under the duality in this case. 
We found that DO-branes are dual to DO-branes (with different embeddings in the 
two dual target spaces), and that, depending on the background fields E and E, D(- 
l)-branes are dual to D(-l)-branes or to Dl-branes. This toy model demonstrates 
the symmetric (or invertible) nature of Poisson-Lie T-duality. We analysed also the 
three-dimensional double of Sfetsos [32] , finding a similar symmetric duality action 
on the branes that links all branes together in a duality chain, where each step 
changes the brane dimension by one, except in the duality D(-l) ^ D2. 
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The continuation of this programme includes a quest for better geometric under- 
standing of the duahty transformation of the gluing matrix, in terms of D-branes 
in the Drinfel'd double. In particular, the dual gluing matrix in some cases appears 
to depend on the coordinates of the original manifold, which might indicate a need 
to restrict the duality to act only on certain types of D-brane. Also, the interpre- 
tation of the transformation in terms of Poisson structures and the geometry of 
symplectic leaves needs clarification. Extending the analysis to M=l worldsheet 
supersymmetric sigma models is an obvious path of investigation, as is a study of 
the analogous aspects of Poisson-Lie T-plurality [37]. In the latter case there exists 
more than one maximally isotropic decomposition (Manin triple) of the double into 
two subalgebras, and the duality transformation must include the switch between 
decompositions. 

Acknowledgements: We are grateful to Ladislav Hlavaty, Ctirad Klimcfk, 
Timothy Logvinenko, Libor Snobl and Rikard von Unge for useful discussions and 
comments. CA acknowledges support in part by Deutsche Forschungsgemeinschaft 
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A The Poisson-Lie condition 

The field equations of the action (12.11) associated to left-translation on G read 

d^J-a + d=J+a - CraE^.d^X^'d^X'' = , (A.l) 

where the currents J±a are defined as 

J+a{g) = d^X^E,,{g){T-X , J-a{g) = {T-')':E,,{g)d=X'' . 

To turn (lA.ip into a flatness condition for J-t^, we need to impose the following 
restriction on the background, 

Cr^E,,{g) = -EM{r-yj,'%r-y,E,,{g) , (A.2) 

which transforms (lA.ip into 

d^J^a + d=J+a + J+Ja '"J-c = , (A.3) 

i.e., precisely the flatness condition (12.171) . 
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